




෾𝐴𝑀 is an arc of measure 𝑎.

෽𝐴𝑁 is an arc of measure 𝑏.

The coordinates of M are (cos 𝑎 ; sin 𝑎) 

The coordinates of N are (cos 𝑏 ; sin 𝑏)

cos(𝑎 − 𝑏) =? ? 

cos(𝑎 − 𝑏) =
𝑂𝑀.𝑂𝑁

𝑂𝑀×𝑂𝑁
=

𝑥𝑥′+𝑦𝑦′

1×1
 

                     = cos 𝑎 cos 𝑏 + sin 𝑎 sin 𝑏 
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cos(𝑎 − 𝑏) = cos 𝑎 cos 𝑏 + sin 𝑎 sin 𝑏 



cos(𝑎 + 𝑏) =? ? 

cos(𝑎 + 𝑏) = cos 𝑎 − −𝑏  

= cos 𝑎 cos(−𝑏) + sin 𝑎 sin(−𝑏) 

= cos 𝑎 cos 𝑏 + sin 𝑎 (− sin 𝑏) 

= cos 𝑎 cos 𝑏 − sin 𝑎 sin 𝑏 

cos(𝑎 + 𝑏) = cos 𝑎 cos 𝑏 − sin 𝑎 sin 𝑏 



sin(𝑎 + 𝑏) =? ? 

sin(𝑎 + 𝑏) = cos
𝜋

2
− 𝑎 + 𝑏  

= cos
𝜋

2
− 𝑎 − 𝑏  

= cos
𝜋

2
− 𝑎 cos 𝑏 + sin

𝜋

2
− 𝑎 sin 𝑏 

= sin 𝑎 cos 𝑏 + cos 𝑎 sin 𝑏  

sin(𝑎 − 𝑏) =? ? 

sin(𝑎 − 𝑏) = sin 𝑎 + −𝑏  

= sin 𝑎 cos −𝑏 + cos 𝑎 sin −𝑏  

= sin 𝑎 cos 𝑏 + cos 𝑎 − sin 𝑏  

= sin 𝑎 cos 𝑏 − cos 𝑎 sin 𝑏 

sin(𝑎 + 𝑏) = sin 𝑎 cos 𝑏 + cos 𝑎 sin 𝑏 

sin(𝑎 − 𝑏) = sin 𝑎 cos 𝑏 − cos 𝑎 sin 𝑏 



tan(𝑎 + 𝑏) =? ? 

tan(𝑎 + 𝑏) =
sin(𝑎+𝑏)

cos(𝑎+𝑏)
=

sin 𝑎 cos 𝑏+cos 𝑎 sin 𝑏

cos 𝑎 cos 𝑏−sin 𝑎 sin 𝑏
 

=
cos 𝑎 cos 𝑏(tan 𝑎+tan 𝑏)

cos 𝑎 cos 𝑏(1−tan 𝑎 tan 𝑏)
=

tan 𝑎+tan 𝑏

1−tan 𝑎 tan 𝑏
  

tan(𝑎 + 𝑏) =
tan 𝑎 + tan 𝑏

1 − tan 𝑎 tan 𝑏

tan(𝑎 − 𝑏) =
tan 𝑎 − tan 𝑏

1 + tan 𝑎 tan 𝑏

tan(𝑎 − 𝑏) =? ? 

tan(𝑎 − 𝑏) = tan 𝑎 + −𝑏 =
tan 𝑎+tan(−𝑏)

1−tan 𝑎 tan(−𝑏)
 

=
tan 𝑎−tan 𝑏

1+tan tan 𝑏
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−

𝜋

4
 

= sin
𝜋

3
cos

𝜋

4
− cos

𝜋

3
sin

𝜋

4
 

=
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2
×
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tan
𝜋

12
=??
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𝜋

12
= tan

𝜋

3
−

𝜋

4
 

=
tan

𝜋

3
−tan

𝜋

4

1+tan
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3
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4

=
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=
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=
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= −
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cos(2𝑎) =? ? 

cos(2𝑎) = cos(𝑎 + 𝑎) 
= cos 𝑎 cos 𝑎 − sin 𝑎 sin 𝑎 
= cos2 𝑎 − sin2 𝑎 

= cos2 𝑎 − 1 − cos2 𝑎  

= cos2 𝑎 − 1 + cos2 𝑎 

= 2 cos2 𝑎 − 1 

= 2 1 − sin2 𝑎 − 1 

= 2 − 2 sin2 𝑎 − 1 

= 1 − 2 sin2 𝑎 

cos2 𝑎 =
1+cos 2𝑎

2
 

sin2 𝑎 =
1−cos 2𝑎

2
 



sin(2𝑎) =? ? 

sin(2𝑎) = sin(𝑎 + 𝑎) 
= sin 𝑎 cos 𝑎 + cos 𝑎 sin 𝑎 

= 2 sin 𝑎 cos 𝑎 

tan(2𝑎) =? ? 

tan(2𝑎) = tan(𝑎 + 𝑎) 

=
tan 𝑎+tan 𝑎

1−tan 𝑎 tan 𝑎
=

2 tan 𝑎

1−tan2 𝑎
 



Consider a real number 𝑎 such that cos 𝑎 = −
3

5
 

Calculate cos(2𝑎) ; sin(2𝑎) and tan(2𝑎)

cos 2𝑎 = 2 cos2 𝑎 − 1 = 2
9

25
− 1 = −

7

25
 

sin2(2𝑎) = 1 − cos2 2𝑎 = 1 −
49

625
=

576

625
 so 

sin(2𝑎) = ±
576

625
= ±

24

25
  

tan(2𝑎) =
sin(2𝑎)

cos(2𝑎)
=

±
24

25

−
7

25

= ±
24

7
 



cos 𝑝 + cos 𝑞 =? ? 

Let 𝑝 = 𝑎 + 𝑏 and 𝑞 = 𝑎 − 𝑏

So 𝑎 =
𝑝+𝑞

2
 & 𝑏 =

𝑝−𝑞

2
 

cos 𝑝 + cos 𝑞 = cos(𝑎 + 𝑏) + cos(𝑎 − 𝑏) 
= cos 𝑎 cos 𝑏 − sin 𝑎 sin 𝑏 + cos 𝑎 cos 𝑏 + sin 𝑎 sin 𝑏 

= 2 cos 𝑎 cos 𝑏 = 2 cos
𝑝+𝑞

2
cos(

𝑝−𝑞

2
) 

cos 𝑝 − cos 𝑞 =? ? 

cos 𝑝 − cos 𝑞 = cos 𝑎 + 𝑏 − cos(𝑎 − 𝑏) 
= cos 𝑎 cos 𝑏 − sin 𝑎 sin 𝑏 − (cos 𝑎 cos 𝑏 + sin 𝑎 sin 𝑏) 

= cos 𝑎 cos 𝑏 − sin 𝑎 sin 𝑏 − cos 𝑎 cos 𝑏 − sin 𝑎 sin 𝑏 

= −2 sin 𝑎 sin 𝑏 = −2 sin
𝑝+𝑞

2
sin(

𝑝−𝑞

2
) 



sin 𝑝 + sin 𝑞 =? ? 

Let 𝑝 = 𝑎 + 𝑏 and 𝑞 = 𝑎 − 𝑏

So 𝑎 =
𝑝+𝑞

2
 & 𝑏 =

𝑝−𝑞

2
 

sin 𝑝 + sin 𝑞 = sin(𝑎 + 𝑏) + sin(𝑎 − 𝑏)  

= sin 𝑎 cos 𝑏 + cos 𝑎 sin 𝑏 + sin 𝑎 cos 𝑏 − cos 𝑎 sin 𝑏 

= 2 sin 𝑎 cos 𝑏 = 2 sin(
𝑝+𝑞

2
) cos(

𝑝−𝑞

2
) 

sin 𝑝 − sin 𝑞 =? ? 

sin 𝑝 − sin 𝑞 = sin 𝑎 + 𝑏 − sin(𝑎 − 𝑏)  

= sin 𝑎 cos 𝑏 + cos 𝑎 sin 𝑏 − sin 𝑎 cos 𝑏 − cos 𝑎 sin 𝑏  

= sin 𝑎 cos 𝑏 + cos 𝑎 sin 𝑏 − sin 𝑎 cos 𝑏 + cos 𝑎 sin 𝑏 

= 2 cos 𝑎 sin 𝑏 = 2 cos(
𝑝+𝑞

2
) sin(

𝑝−𝑞

2
) 



Solve the equation: sin 𝑥 + sin 2𝑥 + sin 3𝑥 = 1 + cos 𝑥 + cos 2𝑥 

sin 𝑥 + sin 2𝑥 + sin 3𝑥 = sin(2𝑥) + 2 sin 2𝑥 cos 𝑥 = sin 2𝑥 1 + 2 cos 𝑥  

1 + cos 𝑥 + cos 2𝑥 = cos 𝑥 + 2 cos2 𝑥 = cos 𝑥 (1 + 2 cos 𝑥) 

sin 2𝑥 1 + 2 cos 𝑥 = cos 𝑥 1 + 2 cos 𝑥  

sin 2𝑥 1 + 2 cos 𝑥 − cos 𝑥 1 + 2 cos 𝑥 = 0 

1 + 2 cos 𝑥 sin 2𝑥 − cos 𝑥 = 0 

1 + 2 cos 𝑥 = 0 or sin 2𝑥 − cos 𝑥 = 0 

cos 𝑥 = −
1

2
             

cos 𝑥 = cos
2𝜋

3
 

𝑥 = ±
2𝜋

3
 (2𝜋) 

2 sin 𝑥 cos 𝑥 − cos 𝑥 = 0 

cos 𝑥 = cos
2𝜋

3
 cos 𝑥 2 sin 𝑥 − 1 = 0

𝑥 = ±
2𝜋

3
 (2𝜋)       cos 𝑥 = 0     or       sin 𝑥 =

1

2
 

                                 𝑥 = ±
𝜋

2
 (2𝜋) 𝑥 =

𝜋

6
 (2𝜋)  or

5𝜋

6
 (2𝜋) 
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